Antiangular Ordering of Gluon Radiation in QCD Media 
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We investigate angular and energy distributions of medium-induced gluon emission off a quark- 
antiquark antenna in the framework of perturbative QCD as an attempt toward understanding, from 
first principles, jet evolution inside the quark-gluon plasma. In-medium color coherence between 
emitters, neglected in all previous calculations, leads to a novel mechanism of soft-gluon radiation. 
The structure of the corresponding spectrum, in contrast with known medium-induced radiation, 
i.e., off a single emitter, retains some properties of the vacuum case: in particular, it exhibits a 
soft divergence. However, as opposed to the vacuum, the collinear singularity is regulated by the 
pair opening angle, leading to a strict angular separation between vacuum and medium-induced 
radiation, denoted as antiangular ordering. We comment on the possible consequences of this new 
contribution for jet observables in heavy-ion collisions. 

PACS numbers: 12.38.-t, 24.85. +p,25.75.-q 



Jets in hadronic collisions have proven to be one of the 
most accurate tests of perturbative QCD. The showering 
of soft gluons off partons originating from hard processes 
gives rise to interference effects which facilitate the mea- 
surement of explicit non-Abelian features of the theory. 
In vacuum, such emissions exhibit soft and collinear log- 
arithmic divergences which compensate the smallness of 
the strong coupling constant and have to be resummed 
[1]. Because of interference effects, the striking feature 
of strong angular ordering of subsequent emissions arises 
[2, 3]. Naturally, such a restriction on the available phase 
space leads to a strong suppression of soft-gluon emis- 
sions, dubbed the humpbacked plateau, which has been 
confirmed by experiment. 

Compared to the state-of-the-art jet measurements in 
proton-(anti)proton collisions, jet physics in heavy-ion 
collisions is still in its early stages. Indeed, the investiga- 
tion of these new possibilities has only recently started at 
the Brookhaven National Laboratory Relativistic Heavy 
Ion Collider [4]. The advent of the LHC experimental 
program, with a high capability of jet measurements even 
in high-multiplicity events, motivates a fresh look on pos- 
sible novel features of medium effects on jets which can 
provide interesting tools to probe the nature of the quark- 
gluon plasma. 

On the theory side, efforts to address the question of 
whether and how the jet evolution is altered by the pres- 
ence of the quark-gluon plasma have been put forward 
in the past few years. Although different medium effects 
could lead to changes in the jet properties, the modifica- 
tion of the gluon radiation pattern is expected to be of 
main relevance. This modification is so far only known 
for the inclusive one-gluon radiation off a fast quark or 
gluon [5-8]. 

Clearly, color coherence effects among the different 
partons in the cascade are not addressed in this setup 
since only a single emitter is considered, nor is the pres- 
ence of an ordering variable for subsequent emissions. 
Naively, one would expect a weakening of these effects 



in the medium due to momentum exchanges and color 
randomization. We will see, however, that this is not 
the case and that color interference effects might lead to 
strong modifications of the jet structure. 

In the vacuum, a quark-antiquark (qq) antenna pro- 
vides a simple laboratory for the intrajet coherent cas- 
cade, encompassing, in particular, the key feature of an- 
gular ordering [9] . In this work, we focus on the medium- 
induced part of the radiation spectrum off a qq pair in 
a color-singlet state. Our results show that in the soft 
limit the interaction with the medium implies a color 
rotation of the pair as a whole, thereby inducing emis- 
sions at large angles analogous to the color-octet emission 
pattern in vacuum. However, in contrast to the latter, 
the collinear singularities are cut off by the pair opening 
angle due to medium-induced destructive interferences, 
thus leading to a geometrical separation between vacuum 
and medium-induced radiation. As we show below, these 
general features persist to large gluon energies. This is 
what we denote antiangular ordering of medium-induced 
radiation. 

In short, in addition to accounting for coherence ef- 
fects among scattering centers, as in Refs. [5-8], in this 
work we extend these previous approaches by including 
coherence between emitters. 

We shall proceed within the framework of the classical 
Yang-Mills (CYM) equations, which holds for soft-gluon 
radiation [10]. Here the amplitude of the emission of a 
gluon with momentum k = (uj,k), uj being its energy and 
k its 3-momentum vector, is related to the classical gauge 
field by the reduction formula 

M a x (k) = Urn -k 2 A;(ky x (k) , (1) 

where e x (k) is the gluon polarization vector. The gauge 
field A^ = A»' a t a , where t a is the generator of SU(3) 
in the fundamental representation, is the solution of the 
CYM equations [D^F^] = J" , with = <9 M - igA^ 
and = d^A v — d v A^ — ig[A^,A v ]. The covariantly 
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conserved current, i.e., [D^, J M ] = 0, describes the pro- 
jectiles. Furthermore, we shall set our calculation in the 
light-cone gauge: A+ = (A + A 3 )/V2 = 0. With this 
choice, only the transverse polarizations contribute to the 
cross section with the help of the completeness relation 
Ea4(4)* =S ii , where = 1,2. 

Let us first briefly review the vacuum emission pattern 
of gluon emission off a qq pair with momenta p = (E,p) 
and p = (E,p), respectively. The classical eikonalized 
current that describes the pair created at time to = 



reads 



Jf, where J^ a = g\ 8 {3 \x - 



j^t) Q(t) Q q , and analogously for the antiquark. Here, 
Qq = — Qq — Q is the quark and antiquark color charge, 
respectively, with Q 2 = Cf = (N 2 — 1)/2N C . Because of 
the gauge choice it is suitable to use the light-cone vari- 
ables, e.g., k = [k+ = (u} + k 3 )/V2, k~ = (uj-k 3 )/V2, fc], 
k = (fc 1 , fc 2 ), and similarly for any vector in what follows. 
At leading order in g the linearized CYM equations, in 
the light-cone gauge, read in momentum representation 



x (p ■ k) x(p ■ k) 



Q\ (2) 



where we have introduced the transverse vectors n l — 
k l — xp l and R % — k % — xp 1 (i = 1, 2) and momentum frac- 
tions x = k + /p + and x, = k + /p + . The soft-gluon emis- 
sion amplitude is connected to the gauge field through 
the reduction formula in Eq. (1), and, by summing over 
the gluon polarization vectors, it can be easily checked 
that the cross section reads 



(2tt) 2 w 



d 3 k 



a,C F 



2n q -n q 



uj 2 (n q ■ n)(n q ■ n) 



(3) 



where = p^/E, = p^/E, and 



= W/u. The 

cross section in Eq. (3) exhibits an apparent double 
collinear singularity. The two poles can be split into two 
separate terms which comprise the quark and the anti- 
quark collinear divergences, respectively. 

Averaging the collinear singular part of Eq. (3) along 
the direction of, e.g., the quark over the azimuthal angle 
leads to gluon emission confined to a cone defined by the 
opening half-angle of the qq pair, 9 q q. This owes to the 
fact that large-angle radiation is suppressed since it does 
not resolve the internal structure of the pair. Thus, the 
corresponding gluon emission probability off the quark in 
vacuum reads 

, ATVar a s CF dio sin d9 

dN™ c = -0 cos - cos 9 q g), 4 

H 7T Ul 1 — COS 

which exhibits a double logarithmic singularity, namely, a 
soft divergence, when w — > 0, and a collinear divergence, 
when 9^0, where 9 is the angle between the quark and 
the emitted gluon. 

We now return to the medium modification of the 
gluon spectrum given by Eq. (4). Hereafter, we assume 
that the qq pair moves in the +z direction and inter- 
acts with a medium moving in the opposite direction at 



nearly the speed of light. At the end of the calculation 
we will boost back to the medium rest frame. There- 
fore, this approximation is valid as long as the pair open- 
ing angle 9 qq <C 1 and at asymptotic energies. Also, 
we restrict our calculation, for simplicity, to first order 
in opacity, i.e., two-gluon exchange with the medium at 
the level of the cross section. To do so, the pair field 
is treated as a perturbation around the strong medium 



field A r . 



In the asymptotic limit, the medium gauge 



field can be described by A mcd (x + , x) which is a solution 
of the Poisson equation —d 2 A^ ncd (x + ,x) = / o mo d(^ + , x), 
where the medium source density p mc d is treated as a 
Gaussian white noise, while A^^ — A+ cd = [10]. In 
Fourier space it reads 

^med(9) = ^S(q + ) r dX+ ^mcd(x+,q) 6*" * + . (5) 
JO 

The medium average is defined as 

(^ cd ( 2 ; + ,qX cd (x'+,q'))^ 

6 ab n m 2 D 5(x+ -x'+) (2ir) 2 6 {2 \q - q')V 2 {q), (6) 

where V(q) = 1/ (q 2 +m 2 D ) is the Coulomb potential, mo 
is the Debye mass, and no is the one-dimensional density 
of scattering centers. At first order in the medium field, 
the continuity relation reads d^J^ = ig[A mcd , J^], 
which is solved by 



Then, the transverse part of the CYM equations reads 



p'" 



UA\ X) = 2ig 



Led'^CO)] g+ J (i)+ J (i)' 



(8) 



which in momentum space becomes 
d 4 q 



-k 2 A l w (k) = 2g J 



(2nY 



A- ed (q),A{ 0) (k-q) 



k+ 



J^(k) + r (1) (k) . (9) 



After performing the q + and q integrals we obtain the 
amplitude for gluon radiation off the quark, via Eq. (1): 



Ml (1) =ig 2 j -0fj^dx+ [T-A mcd (x+ iq )} ab Q 



v ■ e 



x (p ■ v) 



— ( 1 - e p+ + —— 
■ v) V / x (p ■ 



(p-k) 



(10) 



modulo a phase that cancels in the cross section, where 
v = [k + , (fc — q) 2 /2k + , k — q\ and v l = v l — xp 1 , and 
T is the SU(3) generator in the adjoint representation. 
In Eq. (10), L + = \[2L, where L is the medium size. 
The amplitude for gluon radiation off the antiquark is 
deduced from M q by the substitution p — > p. The first 
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term in Eq. (10) corresponds to the interaction of the 
emitted gluon with the medium, denoted M. 3 q , while the 
second term corresponds to gluon brcmsstrahlung where 
only the quark interacts, denoted JAg m . The contact 
terms, being the interference between the gluon emission 
amplitude in vacuum and the one accompanied by two- 
gluon scattering with the medium, are essential for uni- 
tarity and simply lead to a redefinition of the potential 
such that V 2 {q) -> V 2 (q) - 5^(q) J d 2 q'V 2 {q'), which 
guarantees that the spectrum is finite in the q — > limit. 

Squaring the amplitude and summing over the polar- 
ization vector, |7W| 2 = \M q \ 2 + \M q \ 2 + 2ReM q M*s, we 
recover the Gyulassy-Levai-Vitev (GLV) spectrum [7, 8] 
for the quark and the antiquark, respectively (first two 
terms on the right-hand side) or, equivalently, the first 
order in opacity of the Baier-Dokshitzer-Mueller-Peigne- 
Schiff-Wiedemann-Zakharov spectrum [5, 6, 8]. The sum 
of the two we denote by Iglv- Additionally, we also 
get novel contributions stemming from the interference. 
The latter can be further divided into two contributions, 
namely I b rcm S = 2 ReA^ rem 7W;- brcm , which is the only 
term exhibiting a soft divergence, and the remaining 
ones, involving at least one gluon interaction with the 
medium, denoted by linterf- 

The three contributions are plotted in Fig. 1, where we 
have evaluated the angular distribution of the full spec- 
trum of a qq pair with opening angle 9 qq = 0.1 traversing 
a medium with thickness L = 4 fm (m^ — 0.5 GeV, 
Oi a = 1/3, and hqL + — 1) numerically for two gluon en- 
ergies. Here we have assumed the quark momentum to 
be along the z axis for simplicity, i.e., |p| = 0. We note 
that, in both cases, the three terms add up to zero at 
small angles, leaving the cone delimited by the pair an- 
gle free of radiation. The distribution jumps from zero 
inside the cone to a maximum value at 9 = 9 qq \ it then 
drops as 1/9 for 9 > 9 qq . This vacuumlike pattern per- 
sists at the higher energy (see Fig. 1 bottom) caused by 
an intricate cancellation between the different contribu- 
tions and differs notably from the single-particle GLV 
spectrum. 

In fact, these general features can be understood in the 
soft limit, i.e., u> — > 0, where the dominating contribution 
to the spectrum is simply given by Ibroms, namely 



dN 



mcd 



8ttCa C f a 2 n m 2 



D 



K ■ K 



d 3 k (2tt) 2 

x / dx + cos ri° x 
Jo 



x x (p • k)(p ■ k) 



(11) 
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FIG. 1: The angular distribution of the medium-induced 
gluon spectrum for uj—1 and 5 GeV for a qq pair with opening 
angle 9 qq — 0.1; see the text for details. The dotted (red) line 
corresponds to the dominant contribution in the soft limit, 
Zbrcms [see Eq. (11)], while the short-dashed (blue) curve is 
the sum of GLV contributions from the quark and the anti- 
quark, Zglv, and the dash-dotted (green) curve depicts the 
remaining terms, Imtcrf- The solid line corresponds to the 
total spectrum. 



In the small angle limit 9 qq 1 and 9 <§C 1, we get 
P + p + (*« • **) 



J = 



(P •*)(?• A) 



n q ■ n q — n q ■ n — n q ■ n 
(n q ■ n)(n q ■ n) 



. (12) 



thus recovering a structure very similar to the vacuum 
one. As in the vacuum, we divide this term symmetri- 
cally between quark and antiquark. Then, averaging the 
quark contribution over the respective azimuthal angle, 
we obtain 



1 f dip 0(cos 9 qq — cos ( 

2 / 2n J = 1 - cos 6 



(13) 



The medium-induced soft-gluon radiation off the quark 
is suppressed inside the cone of opening angle 9 qq , as 
opposed to the standard angular structure obtained in 
vacuum; see Eq. (4). Furthermore, due to this feature, 
the collinear pole in Eq. (13) is automatically cut off. 

Thus, when u — > the medium-induced gluon emission 
off the quark can be written as 



where we have written the contact term explicitly and 
where fl° = p ■ k/p + — p ■ k/p + , Aft = p ■ q/p + — 
P ' q/P + - The soft divergence in Eq. (11) is man- 
ifest. Note that in the soft limit, where fi° — > 0, 
the integrals in Eq. (11) are straightforward, yielding 
L + r 2 _ [In (l/rj_TO£)) + const. ]/247r, where r± = 9 qq L. 

Let us finally turn to the angular structure of Eq. (11). 



dN™ d = — A 

H 7T 



duj sin6> d9 

mcd — -r8(cos 9 qq - cos6>),(14) 

LO 1 — COS 9 



where A mc d = asC^nom^L+r^ln (l/r^mu) + const.] 
/6 is the forward dipole scattering amplitude in the ad- 
joint representation. 

The full gluon spectrum in the presence of a medium is 
thus given by dN\ ot = dN™ c + dN™ cd . Equation (14) is 
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FIG. 2: The gluon spectrum integrated over the angle. Nota- 
tions are the same as in Fig. 1. 



the main result of this Letter, demonstrating, in particu- 
lar, that there is a strict geometrical separation between 
vacuum and medium-induced radiation [cf. Eq. (4)] and 
the appearance of a soft divergence in the latter. 

A natural cutoff appears in the bremsstrahlung inter- 
ference spectrum due to the argument of the first cosine 
in Eq. (11): fl°L+ w u)9^L (1/2 - 9/6 q9 cosy), which 
leads to an exponential drop of the spectrum at large lo 
driven by the new scale l/O^L. As a consequence, large 
opening angles 9 q q as well as large medium sizes L reduce 
the phase space for interference effects. 

For Iglv, gluons with formation times tf ~ l/(9 2 ui) > 
L are suppressed due to the Lajidau-Pomeranch.uk- 
Migdal effect [5, 6], as shown in Fig. 1. Consequently, 
the GLV spectrum is infrared and collinear safe [11]. 
On the other hand, owing to the soft divergence the 
bremsstrahlung gluons, produced mostly at the angle 
~ 9qq, have large formation times tf > L. These features 
are depicted in Fig. 2, where we plot the gluon spectrum 
integrated over the angle (up to 7r/2), dN/doj. To make 
contact with previous in-medium calculations, let us just 
remark that our contribution leads to a modest growth 
of about 30% (see Fig. 2) as compared to the standard 
GLV estimates. 

Let us now comment on the general structure of the 
medium-induced spectrum described above; cf. Eq. (14). 
Coherence among emitters occurs at large angles [9]. 



In the vacuum, this leads to a strong suppression due 
to destructive interferences with the incoherent spectra 
off the quark and antiquark, respectively. In the soft 
limit, the medium-induced spectrum off a single emit- 
ter, corresponding to the incoherent part XqlVj is sup- 
pressed due to formation time arguments, as mentioned 
before. Therefore, what remains is the coherent, large- 
angle emission. 

The simple vacuumlike form of the radiation spectrum 
in Eq. (14), persisting to large gluon energies due to an 
intricate interplay between various parts of the spectrum, 
is quite unexpected in light of the fact that the medium- 
induced spectrum off a single emitter is infrared safe and 
has an involved angular structure. Furthermore, in the 
soft limit it is easy to generalize these results to medium 
radiation off an antenna in a colored state. These cir- 
cumstances point to a more general underlying mecha- 
nism of coherent gluon emission in medium and remain 
to be studied in detail. 

In summary, we have calculated the gluon radiation 
spectrum off a quark-antiquark antenna immersed in a 
QCD medium, thus obtaining two crucial features: (i) 
a soft divergence present in the gluon bremsstrahlung 
term together with (ii) an antiangular ordering, which 
arises from medium-induced coherent radiation off mul- 
tiple emitters. We note that the modification of the in- 
medium jet described above is of a different nature than 
the well-known broadening of the intrajet distribution 
[12]. We expect this mechanism for soft-gluon radiation 
to be detectable for exclusive jet observables in heavy-ion 
collisions, in particular, as a nontrivial distortion of the 
humpbacked plateau in the soft sector. 
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